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1. INTRODUCTION

Exponential Euler splines which have been presented in [1] constitute a
system of functions whose shapes are analogous to that of the integral ker-
nel of the Fourier transform. It is well known that the exponential Euler
splines converge to the kernel when their order approaches infinity [1]. In
the periodic case, it is also well known that they converge to Fourier
orthonormal functions [1, 2]. But orthonormality has not been discussed
in the case where the order is finite.

Legendre splines which have been presented in [3] constitute an
orthonormal basis in a spline function space. But their shapes are not
analogous to those of Fourier orthonormal functions.

In this paper, we shall present a system of functions which constitutes an
orthonormal basis in a space of periodic spline functions and converges to
the system of Fourier orthonormal functions when the order approaches
infinity. In Section 2, periodic B-spline functions and spaces of periodic
spline functions are defined and their properties are discussed as the
analogy of [4]. In Section 3, we shall give an orthonormal basis in the
space of periodic spline functions and show that the orthonormal basis
converges to the system of Fourier orthonormal functions when the order
approaches infinity.
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2. PRELIMINARIES FOR THE SPACE OF PERIODIC SPLINE FUNCTIONS

In this section, spaces of periodic spline functions are formulated as the
analogy of [4].

DermNiTioN 1. Let 7, N be a real number, a natural number, respec-
tively. Then a periodic B-spline function of order m is defined as

NG A {2 {sin(np/N)/np}™ exp(i2npt/T), m=1,2,3,., (1)

which has period T and knots interval T/N.

The following recurrence formula is derived from (1) and the
convolution theorem in the Fourier series expansion.

PROPERTY |.

. te(—=T2N+qT, T2N+4T), ¢=0, +1, +2,..,
m%m_{ (—T/2N+qT, T)2N+4T), ¢ 2)

0, otherwise,

() = (1/T)f AN AYN =T d,  m=2,3,4,... (3)

From (2) and (3), the periodic B-splines are expressed in the form of
piecewise polynomials as follows.

PROPERTY 2.

Y@ =mT' =" ¥ ¥ {(=1)/rim—r)t}
x{t=((r—m2)N+q)T}7"",  m=1,23,., (4)
where

—- m—1 [
{t—aji7' 2 t<a.

A {t—a}"" 1, t>a,
{0’ (5)

DerINITION 2. We shall define the space of periodic spline functions of
order m with period T and knots interval T/N as

mon & [y 115" (6)
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where

VMO & myd(—IT/N),  1=0,1,.,N-1. (7)

The inner product of two elements f, g € 45 is defined as follows:
A T V2D
(he) 2 WD [ fW&D (8)

As the analogy of Eq. (1.19) [1, p.61], the inner products of periodic
B-splines are obtained as follows.

PROPERTY 3.

(W), (V) =Ewd(,— 1) T/N),  1,,5,=0,1,.,N-1 )

3. AN ORTHONORMAL BASIS IN THE SPACE OF
PERIODIC SPLINE FUNCTIONS

In this section, we shall present an orthonormal basis in the space of
periodic spline functions and show that the basis converges to the system of
Fourier orthonormal functions when the order approaches infinity.

The following theorem gives an orthonormal basis in the space of
periodic spline functions:

THEOREM 1. Functions { J1Wi }i =0 which are defined by

iR & ("HE)~(1/N) Y. exp(i2nlk/N) ¥l (10)

=0

yield an orthogonal basis in sy, where

mEY A Y (sin(nk/N)n(k + pN)}*",  k=0,1, .. N—1 (11)

p=—o

Proof. Obviously the functions { J3¥ Y}, yield a basis in ,,4,. Let us
calculate inner products of any two functions in { J5¥ ¥} ¥_{ to prove their
orthonormality:
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N N
( [o"i ‘/’kl ’ [o”ﬂ lpkz)

N—1
=<(mHﬁ)l/2 (1/N) Y exp(i2nl,k,/N) BYr s

=0

("HY)~"(1/N) i exp(i2nl,k,/N) [é'i‘/’fz'>

b=

— {N—Z(mHll(vl mHI]:; ~1/2}

N—1N—-1

<{T S explantik, kMg ) (12
h=0 hH=0

Making use of (9), we arrange the latter part of (12) as follows,

N—1N—-1

Z Z eXp(izn(llkl_lzkz)/N)([zﬁ‘/’;:l, [B"il//};')

=0 5L=0
N—1N—-1

= Y ¥ exp(2n(lik, — Lky)/N) F1yi (1, —1,) T/N)

51=0 hL=0

{ Y expliznth, — k) ll/N)}

=0

| S expl—izmkaly/¥) BWSLTIN (13 £ = 1)

I3=0

N—-1
=N5kl—k2 Z exp(—lznk213/N) [ZB"SVI(})V(I:;T/N), (13)
h=0

where

1 (k=0),
A
% 2 {0 (k #£0).

Let 4(r) denote Dirac’s delta function of ¢ Then the following equation
holds good from the convolution theorem in the Fourier series expansion
and (1):

N—1
Né,, 4, Z exp(—i2nk,1;/N) [25"3!//(’)"(13T/N)
=0
=N6,q_k2(1/T)JTexp(—iZszt/T) [28"51116"(1) {TNil 5(t—l3T/N)} dt
0 5=0
o N-—-1
=N, 1, 3. {(I/T)JT<T Y 5(t—l3T/N)>exp(—iant/T)dt}
p=—c 0 =0

x {(I/T) LT 2mud (1) exp(—i2n(k, — p) 4/ T) dt}
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®© N-—1
“Noy 4, Y { 5 exp(—iznpla/N)} {sin(a(k, — p)/N)/a(ky — p)}

p=—w \h=0

= N5k1 ~ k2 i {NépmodN} {Sin(n(kz —p)/N)/n(k, “P)}zm

p=-—c

=N?6, _s, i {sin(nk,/N)/n(k,—pN)}*"

p=—w

= N6y, _y, "HY. (14)

Substituting (13) and (14) for (12), we have

(31 1OWR) =0k ks k1, k2=0,1, ., N-1 (15)
From the above, the functions { 3% }7_4 yield an orthonormal basis
in oy Q.E.D.

Now we shall consider that {z¥,} _, denote the system of Fourier
orthonormal functions, i.e.,

(r¥.(t) & exp(2nrt/T),  r=0, +1, £2, ... (16)

Then the inner products of the orthonormal basis in a space of periodic
spline functions with the Fourier are obtained as the following theorem.

THEOREM 2.

([o"ﬁ vy, [F]‘/’r) = (mHllcv)il/z{Sin(”’/N)/nr}m 5(k—r)modzva

k=0,1,.,N—1; r=0,+1, +2,... (17)
Proof. Substituting (10), (11), and (16) for (8), we have

([o”i‘/’;fv’ [F]'//r)
N-1

=("HY)""(1/N) Y exp(@2nlk/N) %7, r1¥)

=0
N—1

= ("HY) " "*{sin(nr/N)/nr}"(1/N) Y exp(i2ni(k —r)/N)

=0

= ("HY)™ "2 {sin(ar/N)/mr}™ 8 4 _ rymod n- (QED.)

The following theorem shows an extremum property of the orthonormal
basis in ,,s when m approaches infinity.

640/55/1-3
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THEOREM 3. When m approaches infinity,

(WL ¥ p{éwmdm Il <Np2,
[0)Y k> r

0, [r| > N/2. (18)

Proof. Substituting (11) for (17), we have
([o"i '/’17, [F]‘/’r)

[e's} - 172
={ » {sin(nk/N)/n(k+pN)}2"’}  {Sin(ar/NYEF}™ 6 moss

p=-cx

k=0,1,.,N—1;, r=k+gN. (19)

Since (19) is nonzero if and only if (k—r) mod N=0, let us consider this
case and assume r=k+¢N (g=0, +1, +2,..). Then (19) yields

([0”3 l//l}cv’ (F] l//r)
—1/2

={ 5 ((k+qN)/(k+pN))2'"} sgn {sin(mr/N)/nr}™],

p=—-o©

k=0,1,..,N—1; r=k+gN (g=0, +1, +2,..). (20)

We define "H." as

"HN DY (k4 gN)(k + pN))™ 1)

p=—oo

and study its behavior when m approaches infinity. Put p’ & p—g. Then
we have

W

"HN= Y ((k+gN)/(k+p'N+gN))*

Q0

= X (fr+pN)"

1+ S {QUN+29) 2"+ (2rIN=2p)) ). (22)

p=1

Case 1. |r| > N/2. Since it obviously holds good that

i {Q2r/N+2p")">" + (2r/N—-2p") "} 21, (23)

p=1
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mHN approaches infinity when m tends to infinity. This gives that

(WY cm¥) 20 (m—> o)

Case 2. |r| < Nj2. Expression {(2r/N+2p')~*"+ (2r/N—~2p)" "} is a
convex function of r in the domain |r| < N/2 and has its maximum value at
r= + N/2. Then it holds good, when |r} < N/2, that

™8

{(2r/N+2p")"*"+ (2r/N—2p’) "}

p =1
Q0

< Y {(1+2p) "+ (1-2p")*"}

p=1

=—1+2Y @ -1

p =1

<—142 Y% @ —1)7

p=1

= (n>—4)/4. (24)

Therefore, "H;" converges to 1 when m approaches infinity. Paying atten-
tion to {sin(nr/N)/nr}” >0 for |r| < N/2, we have

([0”5'/’/7’ [F]wr)_’é(k~r)modN (m — 00).

From the above, Theorem 3 holds good. Q.ED.

COROLLARY 1. In the case that N is odd, when m approaches infinity, it
holds good that

- {m% k=0,1,... (N=1)/2,
017 &

G Wkone  k=(N+1)2,. N—1. (25)

4, PHYSICAL MEANING OF THE ORTHONORMAL BASIS

Corollary 1 shows that the orthonormal basis in ,,45 converges to the
system of Fourier orthonormal functions when the order approaches
infinity if the dimension N is odd. We may say that the orthonormal basis
introduces some physical concept like the harmonic frequency into a space
of periodic spline functions. We shall call such concept “fluency.”

Convergence in the case of even dimension is left for further investigation
in the future.
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